The Lindblad equation provides a general setting to explore transport properties of open quantum systems. By controlling the coupling to the environment using a control parameter η, two opposite classical limits of η are explored. These limits reveal information about the transport behavior away from the limits. The approach is applied to study a spin chain model where a Insulating-ballistic and a insulating-diffusive transition are found. A second example consisting of hopping bosons on a chain shows a condensation transition, even away from the limits.
The Lindblad equation provides a general setting to explore transport properties of open quantum systems. By controlling the coupling to the environment using a control parameter η, two opposite classical limits of η are explored. These limits reveal information about the transport behavior away from the limits. The approach is applied to study a spin chain model where a Insulating-ballistic and a insulating-diffusive transition are found. A second example consisting of hopping bosons on a chain shows a condensation transition, even away from the limits.
For diffusive systems, it is shown how to derive a quantum Fick's law. The quantum Fick's law is a discrete version of its classical counterpart. Currents of conserved quantities, which may also include entangled states, are given as discrete gradient operators of the conserved quantities.
Introduction -Recently, there has been a significant advancement in the study of transport in open systems, both classical [1, 2] and quantum [3] [4] [5] [6] [7] [8] [9] . In particular, 1D systems are the focus of many studies as usually one is interested in unidirectional transport. Moreover, 1D systems are prone to analytic treatment [10, 11] . Behavior may range from ballistic [12] [13] [14] , diffusive [15] [16] [17] [18] , anomalous [19, 20] and even insulating [21] [22] [23] . Control over the transport behavior of quantum systems is deeply motivated also from a technological standpoint [24] [25] [26] [27] .
A favorable approach to study the general properties of open quantum systems is through the Lindblad equation [27] [28] [29] [30] . Consider a quantum system, coupled to a large environment with fast relaxation times. The back-action of the system on the environment can thus be neglected on the relevant time scale of the system. The evolution of the density matrix of the system is ∂ t ρ = L(ρ), where
Here [·, ·] and {·, ·} are correspondingly the commutation and anti-commutation relations. H is the system Hamiltonian accounting for the closed system evolution and M k are operators related to the interaction with the environments. Finding the steady state solution of the Lindblad equation for a many body system is a non-trivial task. Solutions can be obtained for integrable models [31, 32] or by using perturbative methods [33, 34] . A related and relevant problem is to classify the transport behaviour in the system, e.g. ballistic,diffusive or anomalous. In order to address these questions, the Lindbladian can be studied at certain limits where the dynamics is easier to interrogate. Several recent studies took this approach. They focused on a limit of the Lindbladian dynamics that unveils a classical behaviour, where the Lind- * ohad.shpilberg@college-de-france.fr; ohad19@gmail.com blad dynamics can be written as a Pauli master equation of the surviving states [35] [36] [37] [38] .
Here, we consider a Lindblad formalism that allows two classical limits. Using this formalism, one may infer properties away from the classical limit, deep into the quantum regime. In particular, a finite 1D chain occupied by bosons, interacting with the environment will be shown to exhibit a condensation transition. The transition, obtained at the two classical limits, is maintained away from the classical limits. Furthermore, a spin chain interacting with an environment is explored. The spin system exhibits an insulating to transport transition. The transport may be diffusive or ballistic depending on the parameters of the model. The approach does not require the use of particular boundary conditions which may affect the bulk transport behaviour.
Lastly, we focus on diffusion in open quantum systems. In this case, a natural generalization of the classical Fick's law of diffusion is found. Consider a diffusive system with a locally conserved particle density at the bulk ∂ t z = −∂ x j. Fick's law implies that the current between two reservoirs kept at fixed densities z, z + δz is j = −D δz Ω for a small density gradient δz 1, a channel of size Ω and the diffusion constant D. At the hydrodynamic level, Fick's law takes the local form j = −D∂ x z, which together with the continuity equation results in the diffusion equation. For specific models, one recovers a discrete version of Fick's law at the microscopic level j i = −D(z i+1 −z i ), e.g. for non-interacting random walkers, the symmetric simple exclusion process etc. Here, we recover such a discrete Fick's law at the operator level. The discrete gradient may be replaced by an operator that flows to the spatial derivative at the hydrodynamic limit. This form is obtained even for entangled states.
Setup -Consider a general Lindblad equation of the form
where η is a dimensionless parameter. Ultimately, we wish to understand the behaviour at η = 1. Let us assume this cannot be achieved directly. Instead, we study arXiv:1902.03913v1 [cond-mat.stat-mech] 11 Feb 2019
(2) in two limits. At the limit η → ∞, the density matrix quickly converges into one of the pointer statesthe states in the kernel of L b . Then, the density matrix stays frozen for a long time at that pointer state. This effect is known as Zeno freezing [39] [40] [41] . At long time scales, an effective evolution between the pointer states emerges. This effective dynamics is represented by
Here s = t/η is the rescaled time with t, η → ∞ that defines the timescale of the effective dynamics. Π 0 is a projector into the kernel of L b , and (L ⊥ b ) −1 is the inverse to the restriction of L b outside of the kernel [43]. The slow time scales emerge if Π 0 L S Π 0 = 0, which is valid in all the examples considered from here on out. Moreover, we assume that the spectrum of L b is discrete.
Naturally, at the limit η → 0 + , a similar emerging dynamics can be obtained. It is composed of the states in the kernel of L A where the roles of L A , L b are switched and the rescaled time is s = tη.
The effective dynamics, encapsulated in (3), is easier to deal with than solving the general Lindblad equation. The dynamics at the η → ∞ limits may allow to infer the transport behaviour at finite η as we shall see in the examples ahead.
Spin chain -To showcase what can be inferred from the effective dynamics, let us consider a spin chain with the XY Hamiltonian H XY = ε k σ x k σ x k+1 + σ y k σ y k+1 on a ring of Ω sites. The system evolution is given by
This model corresponds to free fermions with dephasing noise due to L b and incoherent jumps due to L A [37, [44] [45] [46] . γ, ν f and ε have inverse time dimensions (where has been suppressed) and p ± as well as η are dimensionless parameters allowing to tune the dynamics.
At the large η limit, the pointer states, corresponding to the kernel of the dephasing interaction L b , are the particle states i P i i for i = ±1, where P i are the projectors onto the states | | for = ±1 at site i. We identify the pointer states with classical particle states, where P ± is interpreted as occupied (empty) lattice sites. Note that P ± k are conserved quantities for any η. Namely, the global "particle" number Q = k Tr P + k ρ is conserved on the chain. The evolution between the pointer states, determined by L A , L S , is described by the master equation of the asymmetric simple exclusion process (ASEP). Namely, a particle at site k may jump to an empty site k ± 1 with rate D + γp ± , where D = 2ε 2 ν f . The ASEP is an important model in the study of non-equilibrium systems. It allows analytic treatment and still exhibits relevant non-equilibrium behavior, e.g. long range correlations [12, 15] , dynamical phase transitions [12, [47] [48] [49] . The bulk dynamics of the ASEP is ballistic, but for p + = p − the symmetric simple exclusion process (SSEP) emerges, giving rise to diffusive transport [37, 45, 50] .
At the small η limit, the pointer states are the Ω + 1 steady state solutions of ASEP on a ring (particle states) as well as two coherent terms -σ Ω = i σ i for = ±1 [51] . The effective dynamics shows exponential decay for these σ Ω states. The dynamics conserve the number of particles Q = 0, 1, ..., Ω on the ring. Together with the conservation of the trace we find vanishing evolution for the ASEP steady states [42] . Namely, after a short (rescaled) time, we find that the system becomes insulating. This implies that an insulator-ballistic transition occurs in this spin chain (or a insulator-diffusive transition in the symmetric case). While the method at hand cannot ascertain the transition point, it certainly implies a drastic change in the effective dynamics. Note that the large η limit supports 2 Ω pointer states whereas the small η limit supports only Ω + 3 pointer states.
Let us now explore the bosonic counterpart of the above spin model.
Chain of hopping bosons -Consider a model of tightbinding bosons on a 1D lattice H
At the strong η limit, the case with p ± = 0 was already considered in [52] . It consists of the pointer states P [ ] = k ⊗P k k , where P = | | such thatn k P k = P k . The pointer states are naturally interpreted as particle states, where site k is occupied by k particles. The effective dynamics reveals a master equation where a particle jumps from site k to site k ± 1 with rate D k ( k±1 + 1) where k is the local occupancy at site k. This dynamics corresponds to a subclass of the symmetric inclusion process [53] . since L b is independent of p ± , switching p ± on does not change the pointer states. It amounts to adding asymmetry in the hopping rates, i.e. a particle can jump from site k to k ± 1 with rate (D + p ± ) k ( k±1 + 1) [54] .
The asymmetric inclusion process was exhaustively studied in [53] . For a finite chain, i.e. setting here k ≡ Ω−1 k=1 , the invariant measure is completely known and is given in terms of the fugacity [42]. Setting p + = p − amounts to applying a force on the particles. In that case, a condensation occurs beyond a certain critical value of the fugacity. It implies that as the number of particle in the chain is increased to infinity, an overwhelming majority will be found at the right-most site (or leftmost, depending on the sign of p + − p − ). More precisely, on a finite chain with Ω sites and a force to the left,
Trn k ρ → ∞ where n k is the expectation value ofn k at the steady state (equilib-FIG. 1. The ratio between the occupations at sites 1, 2 for an initial occupation of site 1 with Q = 2, ..., 6 particles at different η. The ratio increases as we increase the number of particles for any η. Notice that n2 = Q − n1 . The ratio increases in a linear-like fashion for η = 10 (with slope ∼ 0.04) and super-linearly for η = 1, 0.1. We have used ε = ν f = 1 with p+ = 1, p− = 2. rium here). The condensation results from the combination of the asymmetry and the "attractive rates" which galvanize particle bunching -an echo of the quantum statistics.
Next we turn to analyze the small η limit. The pointer states are only the steady state particle states of the asymmetric inclusion process (with appropriate boundary conditions) with a total of Q particles in the system. Similarly to the spin chain case, the total particle number in the chain is fixed. Together with the conservation of the trace, vanishing dynamics is obtained as in the spin chain model [42] . Thus, the system is completely frozen, even when considering the slow time scale s = tη with t, η −1 → ∞. At this limit, condensation also takes place as the Q particles' pointer state is the steady state solution of the asymmetric inclusion process. The limit Q → ∞ naturally gives rise to the condensation for p + = p − .
Since condensation takes place at the two limits, one can suspect that condensation persists also for finite η. This conjecture is supported by the numerical evaluation shown in Fig.1 .
Diffusive open quantum systems -In what follows, we focus on studying diffusive open quantum systems. Diffusive dynamics can usually be captured by Fick's law at the continuum. For the set of conserved quantities z α , their respective currents can be expressed by J zα = −D αβ ∂ x z β (assuming no bias fields). However, one may also expect that entanglement vanishes for large open quantum systems [35, 37] . Therefore, we are left with a conundrum on how to classify diffusion (using Fick's law) for interesting open quantum systems, i.e. where entanglement may be observed. We have seen that the spin chain of the XY Hamiltonian with dephasing noise produces the classical diffusive SSEP at the large η limit. The SSEP is a gradient process [55] . This implies that it has a discrete version of Fick's law. Therefore, it makes sense to probe the vicinity of that result to search for a quantum analog of Fick's law in finite open quantum systems. We shall do so using two independent approaches.
The null approach -The XY model with dephasing noise flows to the SSEP at the large η limit. One can take the perturbation theory to a higher order [42], allowing 1/η corrections as
where u S is given in (3) and
Let us deal only with single particle states, which highlights the relevant lesson here. A few definitions are in order before writing down the effective dynamics.
where the tensor product notation is implicitly assumed. Also, we denote by L ∆ the discrete Laplace operator, e.g. L ∆ P k = P k+1 − 2P k + P k−1 . Note that P k carries the interpretation of a classical single particle state. Instead of inspecting the effective dynamics of the density matrix, we can follow the Heisenberg picture of evolving operators. Since the measurement operators in the model considered here are hermitian, the operator evolution reads
Namely, in comparison with (1) in our setup, it is sufficient to take ε → −ε which cascades also for the effective dynamics. The effective dynamics for the single particle states in the Heisenberg picture is given by D 2 = ε 3 /ν 2 f and ∂ s P j = −∆J Pj (8) (8), one can clearly read the discrete quantum Fick's form of the dynamics. Moreover, the perturbation theory analysis gives ∂ s K j = 0. We have obtained here the desired form of the quantum Fick's law -the conserved currents are given as discrete gradients of the conserved quantities. This form is kept also when one goes beyond the one particle picture wherê ∆ may take different forms conforming to the derivative operator at the continuum limit. This result should be taken with a grain of salt. The K j states are not pointer states. Therefore, they vanish in the slow time scales. Especially for our model, where they vanish at the time scale of t 1/η η. Thus, this model does not support interesting quantum contributions.
Selective dephasing -While the previous example did not provide us with a bona fide quantum Fick's law, it did provide us a good intuition. We need to find a method to synthesize out the non-conserved quantities for a diffusive open quantum system. To do so, consider deforming the dephasing term to L b = ν f k =j,j+2 L σ z k . Note that now, in addition to the particle states, there are additional pointer states. This is the simplest form that allows more pointer states while keeping Π 0 L S Π 0 = 0 that unlocks the slow dynamics.
Consider again the single particle evolution at the large η limit. It reads
Here we choose not to discard S k , even though only S k=j is a pointer state. We will set S k =j to zero in what follows. The coupled equations (9) have to be further simplified to show their diffusive nature as they seem to carry an anti-diffusion term. Using S k =j = 0, (9) becomes
where we have used the evolution equation for S j+1 to infer the third line of (10). Thus we have obtained a set of diffusion equations which contain the conserved quantities P k , S j with the corresponding discrete Fick's laws. These results are corroborated numerically for a periodic four site chain in [42] . It is interesting to note that a density matrix of Ω sites, of the form ρ 0 = 1 Ω k P k + βS j , is restricted to |β| ≤ 1/L for the density matrix to be positive semidefinite. Therefore, as expected, the large system limit of this open system makes entanglement vanishingly small. For a finite system, the effective dynamics, starting from ρ 0 results in a steady state density matrix which is, again, a combination of P k and S j . One can show, using partial trace and the Peres-Horodecki criterion [56] , that any such density matrix is bipartite entangled with respect to the system of sites j, j + 2. The fact that the state is non-separable can also be viewed as an immediate result of [57] section IV.B.
Summary -We have shown that, under certain assumptions, one can evaluate the behaviour at η → 0, ∞ for the Lindblad form (2). By evaluating these two limits, one can qualitatively infer the properties of the open quantum system at finite η. For bosons on a finite chain, the coupling to the environments was shown to unlock 1D condensation and was argued to persist for any η. For the spin chain, we have seen that there must be a transition between an insulating behaviour at small η to a ballistic (or diffusive) transport at the large η limit. It would be interesting to further explore the spin chain with finite η corrections as it should allow to infer the transport behaviour close to the limits η = 0 + , ∞. Furthermore, one can use the method presented here to include particle interactions in the Hamiltonian, e.g. XXZ, disorder, or other interactions with the environments.
The general formalism presented here, can be used to probe the steady state properties of (2) at η ∼ 1 by studying the system at the two limits.
In the second part of this work, we obtained a quantum version of Fick's law which classifies diffusive open quantum systems. At the large η perturbation theory, we considered a model that admits only conserved quantities as pointer states. Since only the pointer states survive at the large η limit, this approach results in a discrete quantum Fick's law for diffusive systems. The large η limit replaces the usual coarse graining which destroys entanglement.
So far, we considered a top-bottom approach. Starting from open quantum systems, one can assume the Markovian limit to obtain the Lindblad form. Then, the large η limit is assumed which results in the quantum Fick's law for diffusive systems. It would be interesting to try a bottom-top approach, which considers only a set of conserved operators with their respective Fick's law currents and verify under which assumptions do we recover Lindbladian dynamics. It would also be interesting to verify Onsager relations [58] , compare with the Kubo formula approach [59] as well as study the entanglement entropy [60] .
Another interesting question is whether including quantum trajectories gives a universal stochastic description for diffusive open quantum systems analogous to the classical fluctuating hydrodynamics picture [1, 61], or whether quantum noise can be used as a probe to differentiate quantum/classical behaviour.
Supplemental material: Transport, condensation and the quantum Fick's law in open quantum systems
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Appendix A: effective dynamics
The purpose of this section is to derive the effective dynamics in the large η limit for the Lindblad setup (2). The procedure is similar to the one taken in [52, 62] . The density matrix is assumed to have the perturbative expansion
Using (A1) in (2), we find
We assume that the discrete decomposition L b = ν≤0 νΠ ν exists, where Π ν are projectors. Moreover, let us assume that Π 0 L S Π 0 = 0, which facilitates the slow dynamics. From (A2), we find that ρ 0 ∈ KerL b so that ρ 0 = Π 0 ρ 0 . Projecting (A3) onto Π 0 and using our assumption leads to
Then, using (A7) and (A3), we find that
This suggests that ∂ t ρ ⊥ 1 = 0. Projecting (A4) onto Π 0 and using the ρ ⊥ 1 expression gives
We may define for simplicity u = u S + u A , which complies with (3).
Setting ∂ t ρ 1 = uρ 0 in (A4) and noticing that (
Then, using (A10) and projecting (A5) onto Π 0 , we find
Using the evolution equation for ρ 1 and the form of ρ ⊥ 2 we find
where we have defined f = f S + f A . So, in the rescaled time we find, up to 1/η 2 corrections
So, at this order one can write
Let us bring in some detail the invariant measure of the asymmetric inclusion process on a finite chain of Ω sites. Recall that the asymmetric inclusion process is defined with the jump rate q ± n k (n k±1 + 1) for a particle to jump from site k with n k particles to a site k ± 1 with n k±1 particles. It is easy to show that detailed balance is satisfied for the invariant measure
and setting λ i+1 = λ i q+ q− . Clearly, this invariant measure explodes for φ ≥ φ c , where φ c = min i λ −1 i . The mean local occupancy is given in terms of λ i φ, namely
Fixing λ 1 = 1, allows to relate the fugacity φ to the total number of particles N = i n i . If we consider q + > q − , particles prefer jumping to the right. One can notice that for φ → φ c , the number of particles diverge. Moreover, n L L−1 i=1 ni diverges at that limit due to the numerator. This implies that most of the particles sit on the rightmost site and a condensation takes place.
The inclusion process may be generalized further than the setup we brought here. For an extensive treatment, see [53] .
Appendix C: The spin chain at the weak coupling limit
In the main text it was announced that the kernel of L A on a periodic lattice of Ω sites is composed of the Ω + 1 particle states that are the steeady state solutions of ASEP with Q = 0, 1, ..., Ω as well as two σ states. First, let us define the local operation L k A (ρ) = p + L k,+ + p − L k,− such that γ k L k A = L A . Considering only classical particle states we notice that L k A (P 1 P 2 ) = p 2 P 2 P 1 − p 1 P 1 P 2 . Therefore, L A mimics the master equation of the ASEP for the particle states. So, it is clear that the Ω + 1 steady state solutions of the ASEP are pointer states. Furthermore, notice that
From (C1), it is clear that the two σ Ω states are in the kernel of L A as well. By analyzing the local operator L k A , one does not expect any other states in the kernel. This has been verified by exact diagonalization of the L A Lindbladian using the vec-ing procedure [30] . For Ω = 2, 3, 4 we find only Ω + 3 states in the kernel, as expected, for both periodic boundary conditions as well as for a finite chain.
Let us verify that Π 0 L S Π 0 = 0, where Π 0 are the projectors into the kernel of L A . We denote the local operation
So, for any integer Ω > 1, the particle states are taken completely out of the kernel as each pair of P ± k P ∓ k+1 are transformed according to the first line of (C2) and overall making a superposition of non-kernel states. The σ Ω states simply vanish under the L S transformation. Therefore, we can safely determine that Π 0 L S Π 0 = 0.
Finally, we analyze the effective dynamics. For the σ Ω states and for Ω > 1, L S (σ Ω ) = 0. Moreover, L b (σ Ω ) = − ν f 2 4Ωσ Ω . Therefore, we find that the σ Ω states are decaying exponentially as the dynamics is given according to (3) (with the roles of L A , L b switched appropriately for the small η limit)
Intuitively, large chains contribute to faster relaxation times of these coherent terms.
The ASEP steady states are particle states and thus belong to the kernel of L b . Therefore, for any Q particle state of the ASEP we find no contribution from the u A = Π 0 L b term. Furthermore, the evolution u S cannot change the charge as it is conserved. Therefore, any such classical ASEP steady state with Q = 0, 1, ..., Ω particles ρ Q , has to evolve according to ∂ s ρ Q = −C Q ρ Q , where C Q is a positive constant. Since these particle states are the only non-vanishing states on the diagonal, none of them can decrease as it would imply that the trace of the density matrix is not fixed. Therefore, we find that the Q particle states are frozen in the rescaled time as argued in the main text. equations of motion for P k , S 2
where M ∆ is a discrete third derivative operator
For odd k, S k = 0 identically. This implies that one can write, using cyclicity S 2 = − 1 2 (P 2 − P 3 + 3(P 4 − P 1 )) (E3) = − 1 2 (P 4 − P 1 + 3(P 2 − P 3 )).
This equality is reached after a time t, where the effective dynamics kicks in, i.e. at the rescaled times s 1. Fig. 3 validates the correspondence of (E3) by defining E 1 = − 1 2 (P 2 − P 3 + 3(P 4 − P 1 )) (E4) E 2 = − 1 2 (P 4 − P 1 + 3(P 2 − P 3 )).
Furthermore, using (E3), one can find the evolution equations
The evolution of the P k 's are depicted in Fig. 2 .
For the selective dephasing model, the slow dynamics predictions at large η allow to get a sense of even the finite η dynamics. See Fig 4,5. 
